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Abstract: An evolution inequality of Sobolev type involving a nonlinear convolution term is
considered. By using the nonlinear capacity method and the contradiction argument, the non-existence
of the nontrivial local weak solution is proved.
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In this article, our attention is mainly focused on the non-existence of the nontrivial local weak solution of
the following Sobolev type evolution inequality with a nonlinear convolution term
-9,Au - Au - d,u = |x|”_N*|u ", 1>0, xeR",

u(O,x) =u,(x), x e R",

(1)

wherep > 1,0 < o < N and
ol ol = L= fuley) [

Partial differential equations and inequalities with nonlinear convolution terms can be used to describe many

real physical phenomena. For example, Pekar (1954 ) proposed

-Au + Vu = u(f

; —y|1u2(y)dy), reR 2)

-
and used it to model the quantum mechanics of a polaron at rest. (2) can also be used to model an electron
trapped in its own hole, in a certain approximation to Hartree-Fock theory of one component plasma (one can see
Lieb (1977) for more details). Over past years, many mathematicians have paid attention to the existence and
non-existence of the solutions to various nonlinear parabolic problems with nonlocal nonlinearities (see Duruk et
al., 2010; Moroz et al., 2013, 2017; Ghergu et al., 2016; Ikeda et al., 2020; Filippucci et al., 2022a and the
references therein). For instance, by using the nonlinear capacity method, Mitidieri et al. (2005) dealt with the

following parabolic inequality
du— Au > j ’x - y‘Bw‘u(l,y) ‘qdy, t>0, x e R, (3)
R

where 0 < 8 < Nand g > 1. They proved that if

v N+2 S
u(0,-)e L, (RY), 1<q< and hmlnfRBf u(0,x)dx >0,
N-8 R x| <R
2
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then problem (3) admits no nontrivial weak solution. Recently, Filippucci et al. (2022b) investigated the

following higher order evolution inequalities
ou+ (-A)"u = |u|q(f K(x - y)‘u(t,y)Pd}’), t>0, x e RY,
.

Ou(0,x)=u(x), i=0,1,---,k—-1, x e R,

(4)

i

J .. . .
Py and N, k, m > 1 are positive integers, p >0, ¢ >0 and the kernel K e C(R,.,R,) satisfies

where 9! =

K(|x|) e L,

1(RY) and ,inf K (r) = K(R) for sufficiently large R. The authors gave the sufficient conditions on
the existence and non-existence of the nontrivial solution of problem (4).
On the other hand, there are a lot of works on the instantaneous blow-up for evolution equations and
inequalities of the Sobolev type. Coleman et al. (1965) studied the problem
d(o.u+u)=a.u t>0, xe(0,L),
u((),x)=u0(x), xe(O,L), (5)
u(t,0)=u(t,L), t>0.
The authors concluded that (5) possesses no bounded solution on an arbitrarily small interval of time provided
that 0 < L < .

Korpusov (2015) handled the instantaneous blow-up of the solution to the following Sobolev type inequality
-0,Au - Au >|ul’, t>0, xeR",
(6)
u(0,x) =u,(x), xeR",

where p > 1. The author showed that the critical exponent of instantaneous blow-up for problem (6) is

N
po={N-2
+o0, ifNell,2).

it N =3,

Specifically speaking, if 1 < p < p., then problem (6) has no nontrivial local weak solution under some certain
conditions on the initial datum; if p > p., then problem (6) possesses nontrivial local weak solution for some u,( x).
Very recently, Alazman et al. (2023) dealt with the following evolution inequality of Sobolev type involving

nonlocal nonlinearity

-0d,Au — Au ZJ x - y‘u_l\:‘u(t,y)’pdy, t>0, xe R,
o

(7)
u((),x) = u(,(x), x e RY,

where 0 < o < Nand p > 1. The critical exponent of instantaneous blow-up to problem (7) is given by
N

p(o,N)={N-2-0"

+0o0, ifo=N-2.

ifo<N-2,

For other work related to the instantaneous blow-up to the problems of Sobolev type, we refer readers to
(Korpusov, 2015; Jleli et al. , 2020, 2022) and the references therein. As far as we know, there are no results on
the existence and non-existence of the nontrivial weak solution to problem (1). It is interesting to evaluate the
effect of the nonlinear convolution term on the existence of the nontrivial weak solution to problem (1).
Motivated by the above works, our main goal of this article is to give an answer on the non-existence of the
nontrivial weak solution to problem (1). The definition of the weak solution of problem (1) is given as follows.

Definition 1 A function u (¢, x) is said to be a local weak solution to problem (1) if there exists 7 e (0,+)

([0.7] x RY), u(0,x) = uy(x) € L}, (R"), the function

loc

(t,x)Hux ~y " ulty)| dy

such that u(z,x) € L

loc
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belongs to L,‘UC([O,T] “') and the integral inequality

ff f |x_9" )’ (2, x)dadyds

J J Ach Ago+gol)dxdt+Jm\u0(x)(A¢(O,x)+go(O,x))dx (8)

holds for any test function
e(t,x) e C3([0, T]x R“V)withgo(t,x) >0, ¢(T,x) =0, andsupp.¢(t,x) CC R".

The main result of the present article is the following theorem.

Theorem 1 Suppose that u, e L'(R"),0 <o < Nand 1 < p < N ]i[ p Then (1) admits no nontrivial local

weak solution.

1 A priori estimates

In this section, we will give some a priori estimates as preliminaries, which play a crucial role later .
Lemma 1 Let n(t)e C3([0,T:|) with () >0 and 7(T) =0, x(x) e C*(R") satisfying y(x) > 0 and
suppy (x) CC R". Suppose that u(1,x) € L, ([0,7] x R")is a local weak solution to (1). Then, one has

[ T ol ) o andyar < ZHO () () () + 27 1 (). (9)

where

) =[x

_pr
J(mox) =[O A @) [+ (n(0)] () ) + (|G
Proof Leto(t,x)e C3([O,T] X R‘V) be a function fulfilling
¢ (t,x) =0, supp,o(t,x) CC R"and ¢(T,x) = 0.

) ff f |2 - )’ x (v )Iﬁ'.](n,)()dxdydt, (10)

)\X(x))f%l, (11)

Then by (8), one has
fj f |x_3"u ' ty)’ (£, x)dudyde

f f ) Lo)(t,x)dads + jR\uo(x)(AgD(O,x) + go((),x))dx, (12)

where
Lo =Ap, - Ap + 0. (13)
Let 3 (x) € C(R")be a nonnegative compactly supported function. Then

j dyf J (£, x)dwdt
=ngauwwwuuﬁummm
o P (P Pt e

With the help of e-Young inequality with & = — j dy, one can conclude that

J 19 y dyJJ u(t,x)(Le)(t,x)dude

<* dyff f ‘x—y| 7\ tx| (t,y)dxdydt

JfJﬁx-ﬂ"£¢tx

1
p

’19(}/) dxdyde.

ol ) (o) a2 f
t,y y xdydt »
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Combining the above inequality with (12) yields that

f:f f \|x‘y|{riw’\U(tay)\pso(t,x)dxdydt
R R
’,)1%1 ,
S(f ﬂ(y)dy)
R? 0

+p]: 1fR\uo(x)(AQD(O,x)+qD(0,x))dx. (1)

D 1 D
"]jgo(t,y)iﬁﬁ(y)”l_'dxdydt

= ge) (1)

Pl

Now, taking ¢ (7,) = 7(¢) x (x)and & (y) = x(y) ” , then from (14) and the fact

p-1
s

T <A, [T+ | AT + g,

A, = Ap + ¢,
one can claim that (9) holds. The proof of Lemma 1 is complete.

Now, let ¢ e C*([O,+oo) ) be a cut-off function with 0 < ¢ < 1,

f(s)=lf0r0<s<%, and £(s) =0 fors > 1. (15)
For given R > 0 and sufficiently large { (Mitidieri et al. , 2005), define
¢
n(0) = g( ) <i<T, (16)
and
— -0 m N
x(x)=R7E& R , x e RY. (17)
After a series of simple calculations, one knows that
p+l
ptl X T _o(pr1) e _olpt) ool
fR\X(x) 7 dx=f (R g(' |)) dx=R 7 fR\g % dx>R f‘tsﬁdx>CR r
which means that
p+1 ‘,,fl a(p+1)-Np
(f x(x) " dx) <CR "' . (18)
R
Meanwhile, one has
T T ' t 1 ,
fon(t)dt - fog(T) di = Tfof(s) ds = CT,
and
T oL
[ ol = e \s Ca
0
-1
—121’ T”“ff( G (s )]”’1ds:CT ret
Lemma 2 One has
N- _r_
[ J sy [ 7 () 0 () sy
RYY RY
St oy Noo-wlerD oy 4 Noo =20 v N=o=2(c+1)
< CT ”'(R -l + R -l )+CTR et (19)
and
L[ yoplex2) NP yorle+2)
I(n,x)<cT ""'|\R "' +R " "|+CTR "', (20)

where 7(n, x), J(m, x ), 7(¢) and x (x) are defined by (10), (11), (16) and (17), respectively.
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Proof First, recalling that N > o and p > 1, one has
v - y[7" < C(|x|p_l +|y|’"l)’

which leads us to

) Tn(e) 7T ldxdydt

[T b= sl (o)
< CT"II(f ‘|x|;_l'r|A,\/(x)”]_I'dx)(fR\)((y)”]:ldy)
+CT '~ ‘(f | Ax (x) )(f |y|?7 )" 'dy) (21)

On the other hand, from (15) and (17), it follows that

[ 1l A= R, Jxl A f() dx
RY §<M<R R
_plo+2) N-o N+1V—U'—/)(u'+2)
<CR ! fR |x|”" " dv < CR ot (22)
7<\x\<1f
and
N _plo+2) W’—1(0+2)
[ o) Tav<r [ dr<cr” T (23)
RY RY
Using (15) and (17) again yields that
_r
1
y| - N-o Nealp+t)
T x(y) T "R 1l ldy<cr b, (24)
f|y| Y = f\ \<R ¢ R Y j\)’\ | | r=
and
L
y -1 _op N9
j ’ldy f — dy <R’ f dy <CR . (25)
R Isl<n R <
Summing up (21)-(25), one immediately arrives at
P o o 2N+N—u—21(a+l)
” j =y |7 (e () () A () | ) (1) 7 Tdyd < P RN (26)

On the other hand, one has

JJ J \x—y|’” X(y) ( ()] Ax (« )|)' "dxdydt
CT(J RINEETE ld’“)(J x(v)" 'dy)+CT(JRJA)((?C)V{‘dx)(JR\\y\HX(y)”ﬁ‘dy)

oy Voo =(o+1)

< CTR I (27)

RY

Analogously, one can deduce that

N-o ot _r_
” [ =yl T () (Im(0)
0Y pVY RV
o N-o - _r S
<CT "’ '(fm{\|x|’ "x(x) 'dx)(jk\,\/(y)’ 1dy)+CT’ '(j )” ldx)(f |y|’ v ’ 1dy)

. N-0o-20p

Sy,
<cr 'R (28)
Combining (26), (27) and (28) yields the desired estimate (19). Finally, inserting (18) and (19) into (10), one

’/\/(x))ﬁdxdydt

can find that (20) holds. The proof of Lemma 2 is complete.
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Lemma 3 Let
o(t,x)=n(t)x(x), 0<t<T, xeR"
Then one has
o o pol Nl
ff Y, x) |7 n(t) = ddt <CT "R " (29)
<\ \<1€

where Lo, n(t) and y (x) are given by (13), (16) and (17), respectively.
Proof By (13), (15), (16) and (17), one can conclude that, for 0 < ¢ < T,§ <|x|<R,

!
P 1

_r_ N _r_ e
() T =[Ag - Ap + ¢,|”"§(;) ]

(Lo) (1, x)

= () A (x) = (D Ax () + /(D) x ()T ( )

plo+2) -op ) __op

scg(T) (AX T+ x(x)7 ‘)<C(R P R

Then

ap

ff . (Le) (L) Tn(e) 7T Tdvdi < CTR T,
0 7< <R

which equals to (29). The proof of Lemma 3 is complete.
Lemmad4 Letu(t,x)e L’,U(([O,T] X R’V) be a local weak solution to (1). Then

R I TR e e 3 [

where 7 (t) and y (x) are given by (16) and (17), respectively.
Proof Using the inequality

o=y s (Il [y ])

for o € (0, N), one sees that
o-N o-N o N R o= N ‘
e N T Ty g B (T P e R e B

In light of the above inequality, one has

” f |x—y|”_w\u(t,y)\pn(t)x(x)dxdydt
fn(tf\ (t.) (f |x—y| x)dx)dydt
> CJOn(t)JR\‘u(t,y) ,7(2 + |y‘) R‘T’”dydt

4
2CJZTI(t)J}<§‘u(t,y)p(]2{+|y|) R‘ “dyde > Cff‘ L (T)u(t’y)‘pdydt’

which completes the proof of Lemma 4.

2 Proof of Theorem 1

Suppose by contradiction that u(z,x) € L’;m,( [O,T] X ]R”) is a nontrivial local weak solution to problem (1).

Then a simple application of Lemma 1 yields that

fZJR\fR\|x—y|:_1u’u(t,y)‘”n(t)/\/(x)dxdydtspf lf \uo(x)(A/\/(x)+/\/(x))dx+2P%‘I(n,x),

R
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where 1 and y are defined in (16) and (17), respectively. Furthermore, from (20) and Lemma 4, it follows that

ffH ( ) (1.x)| et

1 3“777<(r+2) NP “H,/’(‘T+2>
<c[f uo(x)(Ax(x)+x(x))dx+T"-'(R‘ T4 R ”")+TR\ ro ] (30)
]R\

On the other hand, combining (15) with (17), one has

}jk\uo(x)(Ax(mX(x)) <[, Jullax() + x(a)lar < c(R72+ k) [, Jufo)]as

2

Remembering that u, € L‘(R’“ ), one can deduce from the above inequality that

lim Ruo(x)(A)((x)+X(x))dx=O. (31)

R —+

N +
IfO<a<Nand1<p<N p Then N - M<O and N - p1<0 In this case, by passing to the
- P

p-1
limit as R — +% in (30) and using (31), one obtains that

[ el ) wteo =0

which contradicts the fact that u(z,x) is nontrivial.

N .
If0<o <Nandp = N_o In this case, one has NV —

N P = 0. Thus, by (30) and (31), one can deduce

that

T {
[] g(t)|u(¢,x)|”dxdt<+w. (32)
0Y RV T
Let ¢ be a test function defined by (11). Then, by (8), one has

[T T =t utn) [ m ity
< f:jR\u(t’x)(&P)(l’x)dxdt + JR‘uo(x)(A)((x) + x(x))da, (33)

where Lo is given by (13). Keeping (15) in mind and using Holder's inequality tell us that

JZJR\u(t’x)(ESD)(l,x)dxdt
<f:f§<r<R ( ) u( tx)f( ) 5‘ (Lo)(t,x ‘dxdt

1
) (fojgqu(tT) ‘u(t’x)rdxdt)

which together with Lemma 3 yield that

4

fof | f(;)w‘(ﬁﬁo)(t,x)”p'dxdt ,

3<M<R

Jf tx)dxdt (jf e (;)lu(t,x)rdxdt)lj, (34)

With (33) and (34) in hand and using Lemma 4, one can claim that

[, .

< CT ’ R " (f ffd . ( ) Lx ‘dxdt) +IR\uo(x)(A,\/(x)+X(x))dx

( )f‘u(z,x)‘pdxdt

H<

1
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Passing to the limit as R — +0o0 in the above inequality, recalling (31) and (32), one can conclude that

f:fwf(})ilu(t,x) |"dxds = 0,

which contradicts the fact that u(, x) is nontrivial. This completes the proof of Theorem 1.
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